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In this work two different boundary conditions for first order gravity, corresponding to a null and a
negative cosmological constant respectively, are studied. Both boundary conditions allows to obtain
the standard black hole thermodynamics. Furthermore both boundary conditions define a canonical
ensemble. Additionally the quasilocal energy definition is obtained for the null cosmological constant
case.
PACS numbers: 04.70.Dy, 04.70.Bw
I. INTRODUCTION
It is well known that the variation of the action on
shell, provided the boundary conditions, must vanish in
order to have a well defined variational principle, and
that simultaneously the same boundary conditions must
allow the existence of solutions for the equations of mo-
tion.
However there is a third role, which arises from the for-
mal connection between quantum field theory and stat-
ical mechanics, the boundary conditions define the en-
semble in the statistical mechanical counterpart. For in-
stance the partition function in the canonical ensemble
can be written as the path ordered integral
Z(β) =
∮
DxeiI|τ=−iβ , (1)
provided I effectively be such that the temperature β−1,
said the inverse of the period, be fixed. In principle there
is a suitable action for any other ensemble.
For gravity the same connection scenario, at least at
tree level, seems to exist [1], justifying a general analysis.
To study gravity in this direction a Hamiltonian analysis
[2, 3, 4] can be very useful since one can expect that the
Hamiltonian charges be related with the mass, angular
momentum and entropy in the statistical mechanics side.
Unfortunately gravity in asymptotically flat spaces is
not a well defined statistical mechanics system. Actually
it is necessary to put the system in a box to perform
computations [3][34]. Alternatively this can be usually
regularized by introducing a background configuration.
On the other hand, gravity with a negative cosmologi-
cal constant, at least formally, is a well defined statistical
mechanical system [1]. This can be foreseen since a nega-
tive cosmological constant introduces a negative pressure
which constrains the fields producing, roughly speaking,
the effect of a box. Remarkably the most of results of
asymptotically flat case usually can be obtained through
the limit Λ → 0, leading to consider Λ as a regulator of
the theory of gravity.
In this work both Λ = 0 and Λ < 0 will be addressed,
however with different approaches.
A. First Order gravity
Fermions represents a different scenario in gravity.
Fermions can not be directly incorporated in metric
gravity because, roughly speaking, the group of diffeo-
morphism does not have half integer representations.
Fermions must be represented by spinors, and to incor-
porate spinors is necessary to introduce a local Lorentz
group where they can be realized. This can be done by
introducing a local orthonormal basis for the co-tangent
space, called vielbein. The vielbein is usually written in
terms of the set of differential forms ea = eaµdx
µ. The
metric here is the composed field gµν = e
a
µe
b
νηab. In four
dimensions one usually speaks of a vierbein instead.
The introduction of the vielbein motivates a reformu-
lation of gravity [5, 6] where the corresponding Lorentz
connection is an additional independent field. The
Lorentz connection is called the spin connection and also
is written in terms of the differential forms ωab = ωabµ dx
µ.
Although it is direct to confirm that this reformulation is
essentially different in many aspects most of the results of
metric gravity in this reformulation are recovered. This
work aims to analyze one those aspects. This new for-
mulation is usually called first order gravity.
The four dimensional Einstein Hilbert action in first
order formalism reads
IEH =
∫
M
Rab ∧ ec ∧ edεabcd, (2)
where
Rab = dωab + ωac ∧ ωcb =
1
2
Rabcde
c ∧ ed,
being Rabcd the Riemann tensor. εabcd = ±1, 0 stands
for the complete antisymmetric symbol [35].
The variation of Eq.(2) yields the two set of equations
of motion
δed → Rab ∧ ecεabcd = 0, (3)
δωab → T c ∧ edεabcd = 0, (4)
where T a = dea + ωab ∧ eb = 12T abceb ∧ ec corresponds
to the torsion two form with T abc the torsion tensor.
2Note that Eq.(4) is an algebraic equation, with solution
T acd = 0. Once this is replaced on Eq.(3) they become
the Einstein equations. Thus any solution of the metric
formalism is recovered on-shell by this formulation.
If fermions are presented T a 6= 0, for instance in the
presence of gravitinos
T a ∼ Ψ¯γaΨ,
and thus first order in this case presents a different kind
of solutions.
In general since ea and ωab are independent fields one
could expect that there were an independent conjugate
momentum for each one. However in four dimensions
the conjugate of momentum of ea is contained in ωab or
viceversa. [7, 8]. This leads to the definitions of two
equivalent phase spaces that can be mapped into each
other readily. One can even confirm the equivalence of
their path order integrals [8]. These equivalent phase
spaces are called e and ω-frames respectively.
One remarkable result of first order gravity is to repro-
duce the path ordered integral of metric formalism. Once
its momenta are integrated out the resulting expression
is the same obtained in the metric formalism once its cor-
responding momenta, usually denoted πij , are integrated
out [9], i.e
∫
DeaiDπ
i
a e
IHam ≡
∫
Dgij e
∫
R
√
gd4x.
However both results -first order and metric - are made
ignoring the boundary terms. It will be very interesting
to address the same computation in first order gravity
considering the presence of those boundary terms. Re-
sults in the metric formalism considering the boundary
terms are very promising and for instance they are con-
nected the entropy of black holes as observed in [10]. In
this case one can expect some deviation at first loop since
one should sum over also torsional degrees of freedom at
the boundary.
B. Energy
The quest for a definition of energy in gravity has been
addressed by many authors (see for instance [2, 11, 12,
13, 14, 15, 16, 17, 22]). In principle a definition of en-
ergy, even for classical mechanics, relays on the bound-
ary terms of the action, so it is in the case of gravity. In
general the boundary terms fix the ground state of the
system, but also the definition of a finite energy might
relay on them as well (see for instance [15, 18]).
The connection between boundary conditions and a
definition the energy will be explored in this work trying
to shed some more light into the problem of energy in
gravity. Here two definitions of energy for four dimen-
sional first order gravity will be used, each connected
boundary conditions for null and negative cosmological
constants. However the two different boundary condi-
tions will be shown to recover the (grand) canonical en-
semble.
It is worth to mention another approach to this sub-
ject in [19], where another kind of first order gravity is
discussed.
C. The space
The space to be discussed in this work corresponds
to a topological cylinder. One can picture it as M =
R×Σ where Σ corresponds to a 3-dimensional spacelike
hypersurface and R stands for the time direction and
formally is a segment of the real line. In this way the
boundary of the space is given by ∂M = R× ∂Σ∪Σ+ ∪
Σ−, where Σ± are the upper and lower boundaries of
the topological cylinder and ∂Σ is the boundary of Σ.
Finally ∂Σ represents at least the asymptotical spatial
region of the manifold, however in the case of a black hole
be considered ∂Σ = ∂Σ∞ ⊕ ∂ΣH , where ∂ΣH stands for
the horizon.
II. Λ = 0 A DEFINITION OF ENERGY AND
ENTROPY
To discuss this case one can begin by recalling that the
phase space of four dimensional first order gravity can be
described in either the e-frame or the ω-frame. For Λ = 0
it seems more suitable to work in the e-frame.
A. Fixing the fields
The variation of the EH action (2) yields the boundary
term
δIEH |on shell =
∫
∂M
δωab ∧ ec ∧ edεabcd, (5)
which implies that the EH action could be a proper action
principle provided δωab = 0 at the boundary. For reasons
that would be clear later, instead of fixing the connection
at ∂M in this work the vierbein will be fixed. This is
similar to the condition δgij |∂M = 0 discussed in [20].
This leads to modify the action by adding the boundary
term
−
∫
∂M
ωab ∧ ec ∧ edεabcd, (6)
yielding
I˜EH =
∫
M
Rab∧ec∧edεabcd−
∫
∂M
ωab∧ec∧edεabcd. (7)
Now, the variation of I˜EH reads
δI˜EH |on shell = −2
∫
∂M
ωab ∧ ec ∧ δedεabcd, (8)
3confirming that I˜EH is a proper action principle provided
ea is fixed at the boundary as expected.
The introduction of the boundary term (6) introduces
two potential problems. First, the term is not manifestly
invariant under Lorentz transformations since ωab trans-
forms as a connection. Second, it can be divergent at
the spatial infinity. To solve both problems one can add
another term,
∫
∂M
ωab0 ∧ ec ∧ edεabcd, (9)
where ωab0 transforms as a connection in the same fiber
as ωab but otherwise satisfying
δωab0 |∂M = 0.
This condition is used since one chooses ωab0 to represent
some particular background. Thus the role of ωab0 is to
regularize the behavior of the action with respect to the
chosen background. It is direct to prove that (ωab−ωab0 )
transform as a tensor under Lorentz rotations.
The final expression of I˜EH is
I˜EH =
∫
M
Rab∧ec∧edεabcd−
∫
∂M
(ωab−ωab0 )∧ec∧edεabcd.
(10)
It is worth to mention that if the vierbein is properly
oriented the term added to the action -on shell- can be
rewritten as
∫
∂M
(K −K0)√γ d3y, (11)
where K is the trace of the extrinsic curvature of either
Σ± or R× ∂Σ respectively, γ the determinant of the in-
duced metric and y an adequate coordinate system. In
this view the boundary term can be considered as a gen-
eralization of the term proposed in [18].
To simplify the notation from now on
(ωab − ωab0 ) = ωˆab.
B. First order gravity in Hamiltonian
To proceed one needs to define an adequate vierbein
and coordinate system. Here it will be used the line ele-
ment [21]
ds2 = −N2dt2 + gij(N idt+ dxi)(N jdt+ dxj). (12)
Now, since the coordinates are split in time and spatial,
xµ = (t, xi), one can rewrite I˜EH as
I˜EH =
∫
M
(e˙ai Ω
i j
a bc ω
bc
j +ω
ab
t Jab+e
a
tPa) dt∧d3x+B (13)
where
B =
∫
R×∂Σ
2 eat Ω
i j
a bc ωˆ
bc
j εimn dt ∧ dxm ∧ dxn
Jab = 2T
c
ije
d
kεabcdε
ijk
Pd = 2R
ab
ij e
c
kεabcdε
ijk,
Ω i ja bc = 2εabcdε
ijkedk.
Note that the action (13) has only boundary terms at
R× ∂Σ but not at the lids Σ±.
Recalling that the vielbein is fixed at the boundary,
i.e., δeaµ|∂M = 0, the variation of the action with respect
to eat and ω
ab
t yields the constraint equations,
Pa = 0 and Jab = 0.
Jab is the generator of Lorentz transformations and Pa is
the generator of translations [7].
To continue one needs to define the vierbein. Among
the different vierbeine that give rise to Eq.(12) here, be-
cause it significatively simplifies the computations, will
be used [4]
eat = Nη
a +N ieai and e
a
i = e
a
i , (14)
with
ηaeai = 0, eaie
a
j = gij , and η
aηa = −1.
ηa is the unitarian vector normal to the t = cont. slices
Σ. In four dimensions ηa can be constructed as
ηa =
1
6
√
g
εabcd e
b
ie
c
je
d
kε
ijk,
where g = det gij .
Using the projection eat along the N and N
i the action
can be rewritten as
I˜EH =
∫
M
e˙ai Ω
i j
a bc ω
bc
j +NH⊥+N
iHi+ω
ab
t Jab+B, (15)
where H⊥ and Hi are the projections of Pa along the ηa
and eai respectively. N and N
i are Lagrange multipliers
[36].
B in Eq.(15) stands for the boundary term
B =
∫
R×∂Σ
(Nηa+N leal )
(
2Ω i ja bc ωˆ
bc
j εimn
)
dt∧dxm∧dxn.
C. Transformation
To isolate the conjugate momenta of the 12 eai ’s, con-
tained in the 18 ωabi ’s here is introduced the following
projection [8]
ωabk = Θ
ab c
k j π
j
c + U
ab mn
k λmn. (16)
4Note that this also gives rise to others 6 auxiliary fields
λmn (and their 6 conjugate fields ρ
mn). λmn (and ρ
mn)
is symmetric with m,n = 1, 2, 3. Θ and U are given by
Θab ci j =
1
8
√
g
(
e
[a
i η
b]ecj − e[ai eb]j ηc − 2e[aj ηb]eci
)
, (17)
Uab mnk =
1
2
δ
(m
i ǫ
n)kl eak e
b
l , (18)
where the square brackets indicate antisymmetrization.
In addition one can introduce
V kab mn =
1
g
Era E
s
b ǫrs(m δ
i
n), (19)
such that unveiling the relations
Ωk iab c Θ
ab d
k j = δ
c
dδ
i
j ,
Ωk jab c U
ab mn
k = 0, (20)
Θab ck j V
k
ab mn = 0,
Uab mnk V
k
ab pq = δ
(mn)
(pq) .
This allows to think of Θ and Ω as a collection of twelve
vectors - labeled by the indices (ai ) and (
i
a) respectively-,
in an 18-dimensional vector space with components (abj ),
and (jab), respectively. Analogously, U and V correspond
to other six vectors. In this way the orthonormal rela-
tions (20) become the completeness relation
Θab ei l Ω
j l
cd e + U
ab mn
i V
j
cd mn = δ
[ab]
[cd]δ
i
j , (21)
or equivalently
(ΘU)
(
Ω
V
)
= Id18×18
in the 18 dimensional space.
Analogously at the boundary one can define
ωˆabk = Θ
ab c
k j πˆ
j
c + U
ab mn
k λmn.
D. A Hamiltonian expression
Using the decomposition in Eq.(16) the action reads
I˜EH =
∫
M
(e˙ai π
i
a +NH⊥ +N
iHi + ω
ab
t Jab) dt ∧ d3x
+ B. (22)
Here πia is indeed the conjugate momentum of e
a
i . Fur-
thermore Eq.(22) is a genuine Hamiltonian action princi-
ple provided δea|∂M = 0. H⊥, Hi and Jab are first class
constraints [7]. For their expressions in terms of the fields
see appendix D.
The Hamiltonian of this theory reads
H = −
∫
Σ
NH⊥ +N iHi + ωabt Jab d
3x− Bˆ, (23)
where
Bˆ =
∫
∂Σ
(
Nηaπˆia +N
leal πˆ
i
a
)
εimndx
m ∧ dxn. (24)
Recalling that the constraints vanishes on shell then
the Hamiltonian (23) becomes merely the boundary term,
Hon shell = −Bˆ. This last observation will be essential to
develop an expression for the energy in the next sections.
E. Geometry and coordinates at the boundary
The boundary R× ∂Σ has a metric of the form
ds2 = −N2dt2 + hmn(V mdt+ dσm)(V ndt+ dσn), (25)
where σm, with m = 2, 3, are the coordinates of slice at
t = const. of this boundary. Since the boundary can be
described as a surface xµ(t, σm) one can define a set of
(co-)vectors which give rise to metric (25). This set reads
eat = Nη
a + V meam
eam = e
a
m, (26)
where the projections are made by
V m = N i
∂σm
∂xi
∣∣∣∣
R×∂Σ
and eam = e
a
i
∂xi
∂σm
∣∣∣∣
R×∂Σ
To complete this analysis usually is introduced the uni-
tarian vector na which is normal to the boundary R×∂Σ,
i.e.,
naη
a = 0 , nae
a
m = 0 and n
ana = 1.
This vector can written as
na =
1
2
√
γ
εabcd η
becme
d
nε
mn, (27)
where γ = N2h is the determinant of the induced metric
(25) on R× ∂Σ. Note that na is only a functional of ηa
and eam. Note that also one can obtain
ηa =
1
2
√
h
εabcd n
becme
d
nε
mn, (28)
F. Energy and Momentum
Using the projections (26) the boundary term reads
B =
∫
R×∂Σ
(Nηa + V meam) (πˆa · n)dt ∧ d2σ. (29)
5where (πˆa·n) represents the projection πˆiani at the bound-
ary.
Following the generalization of the Hamilton Jacobi
equations proposed in [20] one can define an expression
for the energy. Since the fields at the boundary are
(N, V m, eam) here it is advisable to directly variate the
action with respect each of dynamical fields
δI˜EH
δN
∣∣∣∣∣
onshell
= ηa(πˆa · n), δI˜EH
δV m
∣∣∣∣∣
onshell
= eam(πˆa · n),
δI˜EH
δeam
∣∣∣∣∣
onshell
= τma . (30)
Note that τma is not a squared matrix.
A definition of energy can be obtained by integrating
Eq.(30)
E = −
∫
∂Σ
ηa(πˆa · n)d2σ. (31)
It is straightforward to show that this expression in-
deed recovers the mass of Schwarzschild or Reiss-
ner Nørdstrom solutions provided ωab0 correspond to
Minkowski space.
Likewise one can define the momentum
Pm =
∫
∂Σ
eam(πˆa · n)d2σ, (32)
and an intrinsic energy momentum tensor
Tma =
∫
∂Σ
d2στma . (33)
One can define energy density e = −ηa(πˆa ·n) and the
momentum density pm = e
a
m(πˆa · n).
Note that with these definitions the Hamiltonian can
be written as
H = Hbulk +
∫
∂Σ
(eN − Vmpm) d2σ. (34)
It is interesting to compare this result with the analogous
in [20], since the underlying content of fields is different.
For instance after a straightforward computation the ex-
pression of the energy can be split as
ηa(πˆa · n)|∂Σ d2σ = [(k− k0) + naKabchmb hmc]
√
hd2σ,
(35)
where k is the trace of the intrinsic curvature of ∂Σ im-
mersed in Σ and hmb is the projector from M into ∂Σ.
The first part Eq.(35) recovers the expression for the en-
ergy in [20]. However the second term is intrinsical to
first order gravity, since it explicitly depends on the con-
torsion tensor Kabc. In absence of fermions, since K
ab
c
vanishes on shell, the expression in [20] is formally recov-
ered as expected.
For the momentum Pm the expression can be written
as
Pm = −2
∫
∂Σ
hmiπˆ
ijnjd
2σ + F (Kabc, h
a
m) (36)
where hmi is the project from Σ into ∂Σ, and π
ij is the
metrical expression for the momentum. F (Kabc, h
a
m) is
lineal function of the contorsion tensor, which vanishes
for Kabc = 0. Therefore the first part of Eq.(36) actually
recovers the metrical expression and the rest depends on
the contorsion tensor, thus again in absence of fermions
the expression in [20] is formally recovered. Finally one
can show that the projection of T am along e
a
i matches the
metrical expressions in [20] provided Kabc = 0.
G. Canonical ensemble action
The variation of the action (22) can be cumbersome
in terms of the phase space fields, however recognizing
that on shell the variation is merely given by Eq.(8) one
obtains that
δI˜EH =
∫
Σ±
πˆiaδ(e
a
i ) (37)
+
∫
R×∂Σ
(eδN − pmδV m + τma δeam) dt ∧ d2σ.
The first term basically represents the generalization of
the standard p δx|tfti in any 0+1 Lagrangian, in this case
in the lids Σ±.
The next term in Eq.(37) shows that in the variational
principle (13) the energy, as define in Eq.(31), is not fixed,
but the lapse N . The fixing of N in turns fixes the scales
of time, and thus the period in the Euclidean version of
the M, i.e.,
β = i
∮
∂Σ
dtN. (38)
Note that when ∂Σ is composed by more than a single
surface, like in a black hole geometry, then one can fix
N = N0 at only one of those boundaries. In this work
N will be fixed at infinity ∂Σ∞ and although it is not
formally necessary as N |∂Σ∞ = N∞ = 1.
The combination of an unconstrained energy in Eq.(37)
and the fixing of β suggests that the action (22) might be
suitable for the (grand)-canonical ensemble. To confirm
this statement one can study the statistical mechanics
framework around the charges (Eqs.(31,32)).
To proceed is necessary to consider a particular solu-
tion. Here the most general stationary black hole in vac-
uum (with Λ = 0) will be considered, the Kerr solution.
Since this solution has massM and angular momentum J
one must note that this solution is suitable for the grand
canonical ensemble. As background configuration it has
been chosen the Minkowski space.
At zero order approximation on the path order integral
arises the relation for the partition function in the grand
canonical ensemble
ln(Z) = βE¯+βΩJ¯−S(β,Ω) ≈ IEβ,Ω|on shell+O(x2), (39)
where Ω in this case corresponds to the value of the an-
gular velocity of the horizon.
6The connection between the statistical mechanics and
the boundary terms becomes clearer once one notes that
any stationary solution satisfies e˙ai = 0, therefore the
action merely reduces to the boundary terms
IE |on shell = B|R×∂Σ. (40)
As mention before in this case the horizon must be
considered as an internal boundary, i.e., ∂Σ = ∂Σ∞ ⊕
∂ΣH . Therefore,
IE |on shell = B|R×∂Σ∞ −B|R×∂ΣH . (41)
From the definitions in the previous sections one ob-
tains that expression at infinity give rise to the value of
the charges,
B|x→R×∂Σ∞ = β(E¯ +ΩJ¯).
If the action (10) is truly sensible for the canonical
ensemble then, by connecting Eq.(39) and Eq.(40), the
entropy must be given by
S = B|x→R×∂ΣH .
To compute the value of S one needs to define some
general properties of the horizon first. Near the horizon
the Euclidean metric becomes [22]
ds2|x→R×∂Σ ≈ N2dτ2 + hijdxidxj , (42)
which in terms of the vierbein reads
(N ieai )|x→R×∂ΣH ≈ 0.
This general consideration permits to confirm, after
computing the corresponding asymptotical limit at the
horizon of ωab, that the standard area law
S = lim
x→R×∂ΣH
∫
ωˆab ∧ ec ∧ edεabcd ≈ A
4
(43)
is recovered. This confirms also that the principle action
proposed in Eq.(10) indeed corresponds to the (grand)
canonical action.
III. FIRST ORDER BOUNDARY TERMS WITH
Λ < 0
The boundary conditions in spaces with a negative cos-
mological constant within first order gravity has been ob-
served to be fundamentally different [23]. In this case is
more adequate to impose boundary conditions ωab and
its derivative than on the vierbein as in Λ = 0. This
leads to proceed in a generalization of ω-frame to study
this case.
A. Einstein Hilbert action with Λ < 0
To initiate the discussion one can consider the four
dimensional case with a negative cosmological constant.
The four dimensional Einstein Hilbert action with a neg-
ative cosmological constant in first order formalism reads
IEH =
1
64G
∫
M
(2Rab∧ec∧ed+ l−2ea∧eb∧ec∧ed)εabcd,
(44)
where the cosmological constant has been written in
terms of the AdS radius as Λ = −1/(3l2).
The variation of Eq.(44) yields
δed →
(
Rab ∧ ec + 1
l2
ea ∧ eb ∧ ec
)
εabcd = 0, (45)
and the equation T a = 0 already obtained in Eq. (4).
When T a is replaced on Eq.(45) it becomes the standard
Einstein equations with a negative cosmological constant.
The presence of a negative cosmological constant gives
rise to several technicalities, in particular the usual ex-
pressions of the charges, as for instance the Komar’s po-
tentials [11], become divergent. This problem has been
addressed in many works (for instance [14, 18]) and is
particular important in the context of the AdS/CFT con-
jecture (See for instance [24, 25]).
In [15, 23, 26] was discussed a set of boundary condi-
tions that allows to transform Eq.(2) into a proper action
principle. Under this boundary conditions is added to
Eq.(44) the term
E =
l2
64G
∫
M
RabRcdεabcd, (46)
whose variation is a total derivative and thus it does not
alter the equations of motion. Eq.(46) is usually called
the Euler term, but it is not the Euler number of the
manifold though.
The new action principle reads
IEH =
l2
64G
∫
M
R¯abR¯cdεabcd (47)
with R¯ab = Rab + l−2eaeb. On shell the variation of
Eq.(47) yields
δIEH =
l2
32G
∫
∂M
δωabR¯cdεabcd. (48)
The addition of Eq.(46) is made to obtain an action
principle suitable for any asymptotically locally anti de
Sitter (ALAdS) space. To confirm that one can note
that generically R¯ab(x)|x→∂Σ∞ → 0 for any ALAdS
space, and thus Eq.(24) has no contributions from the
asymptotical spatial regionR×∂Σ∞. In the other bound-
aries of M an adequate boundary condition is to fix the
spin connection.
7One of the surfaces in which the spin connection is to
be fixed is the horizon. However the horizon requires
some special attention, since to fix the spin connection
at the horizon is connected with the fixing of the temper-
ature of the black hole [23]. To see that one first must
recall that the horizon of a stationary black hole is the
surface (in M) where ξ = ξµ∂µ the horizon generator, a
time like Killing vector, becomes light like. Next the tem-
perature of the black hole can be read from the relation
Iξω
a
bξ
b|R×∂ΣH = κξb, (49)
where κ is the surface gravity. The temperature is given
by T = κ/4π. In this way the fixing of the spin con-
nection at the horizon determines the temperature. The
relation (49) is the first order version of the relation
ξµ∇µ(ξν)|R×∂ΣH = κξν
obtained in [27]. By a simple translation between metric
and vielbein formalisms [28] one can prove that the fixing
of the spin connection also fixes the extrinsic curvature.
Note that here it was not necessary to explicitly require
the smoothness of the Euclidean manifold at the horizon
to obtain the temperature.
B. The Hamiltonian
The introduction of the coordinate system described
in Eq.(12) leads to rewrite the Lagrangian in Eq.(47) as
R¯abR¯cdεabcd = (2ω˙
ab
i R¯
cd
jkεabcdǫ
ijk
+ ωabt Jab + e
d
tPd + ∂iJ
i)d4x (50)
with
Jab = 4T
c
ije
d
kεabcdǫ
ijk
Pd = 4 R¯
ab
ij e
c
kεabcdǫ
ijk
J i = 2ωabt R¯
cd
jkεabcdǫ
ijk
Remarkably the Lagrangian has only a boundary term
at R× ∂Σ but not at the lids of the cylinder.
The introduction of the vierbein (14) yields
IEH =
l2
64G
∫ (
2ω˙abi P
i
ab + ω
ab
t Jab
+ NH⊥ +N iHi + ∂iJ i
)
d4x, (51)
where
P iab = R¯
cd
jkεabcdǫ
ijk
H⊥ = P kcde
c
kη
d = 6
√
gR¯cdij E
i
cE
j
d
Hl = P
k
cde
c
ke
d
l = εabcd
(
R¯abij e
c
kǫ
ijk
)
edl ,
with Eµa the inverse of the vierbein.
Eq.(51) defines P iab as the conjugate the momentum
of ωabi , however, the expression of the Hamiltonian is
incomplete.
For Λ < 0, given that the boundary conditions depend
on the spin connection, the expressions have been stud-
ied in an extension of the ω frame. In the original ω
frame (i.e. Λ = 0 [8]) second class constraints arise be-
cause P iab, which has 18 component, formally depends on
eai with only 12 component. Here with Λ < 0, and for
the same reasons, second order constraints arise as well.
Thus besides the terms in Eq.(51) is necessary to added
these second class constraints to complete the Hamilto-
nian [33]. Finally the Hamiltonian reads
H =
l2
64G
∫
Σ
(
ωabt Jab +NH⊥ +N
iHi +Φ
ijµij
)
d3x
+
l2
32G
∫
∂Σ
ωabt R¯
cd
jkεabcddx
j ∧ dxj (52)
where Φij are 6 second order constraints, whose expres-
sion reads
Φii
′
= εaba
′b′ Pˆ iabPˆ
i′
a′b′ (53)
with
Pˆ iab = P
i
ab − ǫijkεabcdRcdjk ≃ (EtaEib − EtbEia)|e|.
This definition of momentum allows to rewrite the gen-
erator of Lorentz rotations as
Jab = Di(P
i
ab) = Di(Pˆ
i
ab). (54)
The expressions of Hi and H⊥ in terms of the fields are
cumbersome, not very illustrative, and furthermore irrel-
evant for what follows.
C. Noether Charges
The vanishing of the constraints on shell implies that
H|on shell = l
2
32G
∫
∂Σ∞−∂ΣH
ωabt R¯
cd
jkεabcd dx
j∧dxj . (55)
This is the expression that is necessary to connect with
the value of mass, entropy and angular momentum. This
connection will be done through the value of Noether
charges associated with the Killing vectors of the solu-
tion. Although the interpretation of mass or angular
momentum as Noether charges was one of the original
ideas of E. Noether, it is worth to stress that their con-
nection with entropy was proposed in [27].
In [15] was found that the expression for the Noether
charge associated with any Killing vector η reads
Qη =
l2
32G
∫
∂Σ
Iηω
abR¯cdεabcd. (56)
8where Iξ stands for the projector along the vector η, in
this case Iηω
ab = ηµωabµ. The mass or the angular mo-
mentum of the solution can be obtained from Eq.(56) as
the asymptotical value at ∂Σ∞ and provided η be the
Killing vector associated with time or rotational symme-
tries respectively. The evaluation at the horizon for ξ,
the horizon generator, leads to the entropy.
D. An expression for the Hamiltonian
To study this ideas one can choose a particular but rep-
resentative solution. The most general stationary black
hole in vacuum with a negative cosmological constant
will be analyzed, the Kerr-AdS solution. Since this so-
lution has angular momentum the canonical ensemble is
replaced by the grand canonical ensemble.
The most general Killing vector of this solution reads
η = αξt + βξφ
where α and β are constant and ξt and ξφ are the Killing
vectors associated with the time and rotational invari-
ance respectively. In terms of these symmetries the
Killing vector that defines the horizon, ξ, reads
ξ = ξt +Ωξφ, (57)
where Ω is the angular velocity of the horizon [29].
Usually the Kerr-AdS solution is presented in the
Boyer-Lindquist (BL) coordinates (See appendix B).
The projection of the spin connection in these coordi-
nates reads
Iξω
ab = ωabt +Ωω
ab
φ . (58)
Now, by noting that the expression of the Hamiltonian
in Eq.(55) formally equals the expression of the Noether
charge for ξt = ∂t in the BL coordinates one obtains
H|on shell =M − l
2
32G
∫
∂ΣH
(
Iξω
ab − Ωωabφ
)
R¯cdεabcd.
(59)
Finally, after a long but straightforward computation,
one can prove that the last term is the angular momen-
tum of the solution. Thus,
H|on shell =M +ΩJ −Qξ|ΣH . (60)
Using zero order approximation on the generalization
of Eq.(1) to the grand canonical ensemble one obtains,
ln(Z) = βE¯ + βΩJ¯ − S(β,Ω) ≈ −IEβ,Ω|on shell +O(x2).
Since in this case the solution in discussion is a sta-
tionary black hole then ω˙abi = 0 which in turns implies
that
−IE |on shell = −βH|on shell ≈ ln(Z). (61)
Note that the right hand side also can be obtained as the
zero order approximation of Eq.(39).
Combining these results is possible to recognize that
the entropy is
S − S0 = β
(
l2
32G
∫
∂ΣH
Iξω
abR¯cdεabcd
)
.
where S0 stands for possible higher order corrections to
the value of entropy but can not depend on the values of
the extensive variables. This result is equivalent to the
one obtained in [23]. Computing explicitly S yields to
the usual
S =
1
4G
A
where A stands for the area of the horizon.
E. Higher Dimensions
In higher dimensions besides the EH theory of grav-
ities there are several other sensible gravitational theo-
ries, with second order equation of motion for the metric.
Among them one important group are the usually called
Lovelock gravities [30]. First order formalism is particu-
lar suitable for their study, since here the first order na-
ture of the equation of motion for (ea, ωab) is manifest,
and thus the second order nature of the metric ones. In
absence of fermions in general these gravities have only
solutions with vanishing torsion[37].
Schematically the Lagrangian of Lovelock gravities
reads
L =
[ d−1
2
]∑
p=0
αp
ld−2p
Ra1a2 . . . Ra2k−1a2pea2p+1 . . . eadεa1...ad
(62)
where αp are arbitrary constants and [ ] stands for func-
tion integer part of the argument.
In general this Lagrangian has solutions with multi-
ple cosmological constants. This can be considered a
problem since that produces unstable geometries that can
tunnel between the different cosmological constants. To
solve this one can restrict the αp coefficients such that
only a single cosmological constant exist.
With a single cosmological constant the form of the
equation of motion associated with δea is
R¯a1a2 . . . R¯a2k−1a2kea2k+1 . . . ead−1εa1...ad = 0 (63)
which can be obtained provided
αp =


1
d−2p
(
k
p
)
p ≤ k
0 p > k
. (64)
One can prove in general that the solutions of these
restricted Lovelock theories are ALAdS spaces.
9Remarkably the results for the four dimensional EH
gravity in the previous sections can be easily extended to
these restricted Lovelock gravities in even dimensions. In
odd dimensions, however, this is not direct because there
is no generalization of Eq.(46), namely there is no Euler
term.
In general in d = 2n dimensions for an ALAdS space
one can use the same boundary conditions already pro-
posed. To do that one adds to the now restricted L the
term
E2n =
K
l2n
∫
M
Ra1a2 . . . Ra2n−1a2nεa1...a2n (65)
where
K = −
n−1∑
p=0
(−1)pαp = − 1
2n
(
k − n
n
) .
As outcome of this addition the variation of the new
action principle -on shell- yields a boundary term that
at the asymptotically spatial region (R × ∂Σ∞) of any
ALAdS space, behaves as
Θx→∂Σ∞ ∼ δω R¯k−1e2n−2k → 0, (66)
and thus the asymptotical spatial region R × ∂Σ∞ does
not contribute to the variation of the action. A proper
boundary condition at the other boundaries is δωab = 0.
Analogous to the four dimensional case if a black hole
geometry is considered the temperature is fixed by this
boundary condition.
Following analogous steps as the four dimensional case
one obtains that on-shell the Hamiltonian is merely the
boundary term
HOnshell =
∫
∂Σ
n−1∑
p=1
p αp
l2n−2p
ωtR
p−1e2n−2p
+ nK
∫
∂Σ
ωtR
n−1. (67)
To proceed one needs to consider a particular solu-
tion. Here it will be considered the topological black
holes studied in Ref.[31]. They are described in Appendix
C.
Recalling the expression of the Noether charge which
generically reads
Qξ =
∫
∂Σ
Iξω
ab ∂L
∂Rab
, (68)
where
∂L
∂R
=
n−1∑
p=1
p αp
l2n−2p
Rp−1e2n−2p + nKRn−1,
one can connect the Lagrangian and Hamiltonian results.
The horizon generator ξ of these solution is merely ξ = ∂t
(See appendix C), thus it is direct to identify the part
of the Hamiltonian (67) at ∂Σ∞ as the Noether charge
associated with the time symmetry, and so with the mass
of the solution.
Since these are static solutions is also satisfied ω˙abi = 0
and so
−IE |on shell = −βH|on shell.
After analogous computations to the four dimensional
case one can obtain the generic expression for the entropy,
S − S0 = βQξ|∂ΣH , (69)
where S0 stands for higher order corrections to the value
of entropy [23]. The evaluation of Eq.(69) reproduces the
results of [31].
IV. DISCUSSION AND CONCLUSIONS
In this work it has been recovered the basic statisti-
cal mechanical relations of black holes in the canonical
ensemble using a Hamiltonian approach.
The two different boundary conditions presented,
proper of Λ = 0 and Λ < 0 respectively, define a canon-
ical ensemble. This might lead to think that somehow
both boundary conditions are equivalent. It is direct to
prove, however, that this is not the case. For Λ < 0 the
boundary condition at infinity let ωab undetermined be-
cause of Eq.(48), however since the limits x→ R× ∂ΣH
and l→ 0 do not commute then this boundary condition
for Λ < 0 can not be extrapolated to the asymptotically
flat case. The fundamental result of this work is that
there can be more than one set of boundary conditions
that lead to the canonical ensemble. The other result is
to confirm that the horizon is a fundamental element in
black holes thermodynamics.
The analysis in this work probably can be easily ex-
tended to higher dimensions, except for one important
point, the phase variables (eai , π
i
a) are a feature proper
of only four dimensions[38]. In higher dimensions there
should be in principle more variables in the phase space,
(eai , ω
ab
i , π
i
a, π
i
ab), or the reduction to a single pair of vari-
ables should be done in at least a different way.
APPENDIX A: ASYMPTOTICALLY FLAT
VERSUS ALADS
To have an idea of how asymptotical flat spaces are
not well behaved one can naively sketch Eq.(39) for four
dimensional Schwarzschild solution. Here the entropy
S ∼ πr2+ and the energy E ∼ r+, therefore the parti-
tion function
Z(β)Sch ∼
∫ ∞
0
dr+e
−βr++pir2+ (A1)
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which is clearly divergent.
On the other hand with a negative cosmologi-
cal constant the scenario changes radically, since for
Schwarzschild-AdS E ∼ r+(1 + l−2r2+), l is the AdS ra-
dius, yielding the completely different Z(β) function
Z(β)Sch−AdS ∼
∫ ∞
0
dr+e
−β(r++r3+/l2)+pir2+ (A2)
which trivially converges.
APPENDIX B: KERR-ADS
The Kerr-AdS geometry in Boyer-Lindquist-type coor-
dinates can be expressed by the vierbein
e0 =
√
∆r
Ξρ
(dt− a sin2 θdϕ), e1 = ρ dr√
∆r
,
e2 = ρ
dθ√
∆θ
, e3 =
√
∆θ
Ξρ
sin θ(adt− (r2 + a2)dϕ), (B1)
with ∆r = (r
2 + a2)
(
1 + r
2
l2
)
− 2mr, ∆θ = 1− a2l2 cos2 θ,
Ξ = 1− a2l2 and ρ2 = r2 + a2 cos2 θ.
This vierbein indeed has the form described in Eq.(14)
and the resulting metric has the required ADM form of
Eq.(12) as well.
In this coordinates the horizon is define by the largest
zero of ∆r, called r+. The angular velocity of the horizon
[29] is
Ω =
a
r2+ + a
2
.
The mass and the angular momentum are found evalu-
ating the charge (56) for the Killing vectors ∂∂t and
∂
∂ϕ ,
respectively
Q
(
∂
∂t
)
=
m
Ξ2
=M ; Q
(
∂
∂ϕ
)
=
ma
Ξ2
= J (B2)
in agreement with Ref. [32].
APPENDIX C: TOPOLOGICAL BLACK HOLES
The restricted Lovelock gravities determined by the
constants αp, in terms of k < n− 1, in Eq.(64) give rise
to different topological black holes solutions depending
on k. Each one of them can be described by the vielbein
e0 = f(r)dt e1 =
1
f(r)
dr em = re˜m , (C1)
and its associated torsion free connection
ω01 =
1
2
d
dr
f(r)2dt ω1m = f(r)e˜m ωmn = ω˜mn, (C2)
where
f2(r) = γ +
r2
l2
− σ
(
C1
rd−2k−1
)1/k
, (C3)
σ = (±1)(k+1), and the integration constant C1 is iden-
tified as
C1 = 2Gk(M),
where M stands for the mass. e˜m = e˜mi (y)dy
i and ω˜mn
are a vielbein and its associated torsion free connection
on the transverse section with m = 2 . . . d − 1. R˜mn =
γemen. The yi’s are an adequate set of coordinates.
It is straightforward to prove that the mass can be
obtained by evaluating Eq.(56) for the Killing vectors ξ
at ∂Σ∞,
Q
(
∂
∂t
)
=M. (C4)
APPENDIX D: EXPLICIT EXPRESSIONS
The different constraints H⊥, Hi, and Jab can be writ-
ten explicitly as
1
2
H⊥ = ηa∂iπia −
1
2
Esd∂[le
d
s]η
bπlb
− Gab⊥ijπiaπjb − g3/2Gmnpqλ0mnλ0pq,
11
NmHm = N
m
[
1
2
(
g−1Esd∂ie
d
kεmlsε
ijkebj − Esd∂[meds]ebl + ηd∂[medl]ηb
)
πlb
+ eam∂iπ
i
a +G
ab
mijπ
i
aπ
j
b +
1
2
N (meai e
b
jJabǫ
ijn)λ0mn
]
(D1)
−N iωabi Jab,
and
Jab = 2εabcd
∂ecj
∂xi
edkε
ijk − 1
2
(πiaebi − πibeai), (D2)
where
λ0pq =
1
2g
GpqmnE
(m
a ∂ie
a
j ǫ
ijn), (D3)
Gab⊥ij =
1
16
√
g
[eai e
b
j − 2eaj ebi − gijηaηb], (D4)
and
Gabmij =
1
16
√
g
[gijη
aebm + 2gim(e
a
j η
b − ebjηa)]. (D5)
APPENDIX E: MICROCANONICAL BOUNDARY
TERM
To transform the action I˜EH into the microcanonical
ensemble action is necessary to add a boundary term that
change the boundary conditions from δN = 0 to a fixed
energy density e at the boundary. This is simply achieved
by subtracting from Eq.(22) the term
∫
∂Σ
(eN − V mpm) d2σ,
which is the boundary term B. This result leads to the
new the action principle
IˆEH =
∫
M
(e˙ai π
i
a+NH⊥+N
iHi+ω
ab
t Jab) dt∧d3x, (E1)
which should be suitable for the microcanonical ensem-
ble. Unfortunately the analysis of the thermodynamics
in this case is not straightforward, and will be discussed
elsewhere.
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